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1. Introduction
To study the implications of spacetime supersymmetry for the superstring, it is useful
to have a formalism in which super-Poincare´ covariance is manifest. Although the super-
Poincare´ covariant Green-Schwarz formalism [1] can be used to classically describe the
superstring, it has not yet been quantized in a covariant manner. This prevented the
construction of super-Poincare´ covariant expressions for massive vertex operators since,
unlike massless vertex operators, massive vertex operators cannot be obtained from the
classical action in a curved background.
Recently, a new super-Poincare´ covariant formalism for the superstring has been pro-
posed using a BRST-like operator Q =
∫
λαdα where dα is the D = 10 supersymmetric
derivative and λα is a pure spinor variable[2]. In this formalism, physical vertex operators
are defined in a manifestly super-Poincare´ covariant manner as states in the cohomology
of Q. Massless vertex operators have been explicitly constructed using this formalism and
tree amplitudes have been shown to coincide with Ramond-Neveu-Schwarz amplitudes [3]
[4].
In this paper, the vertex operator for the first massive states of the open superstring
will be explicitly constructed in super-Poincare´ covariant notation and shown to describe
a massive spin-two multiplet containing 128 bosonic and 128 fermionic degrees of freedom.
Although this construction is guaranteed to succeed because of the cohomology arguments
of [5], it is interesting to see how the vertex operator for this massive multiplet is expressed
in terms of ten-dimensional superfields.
2. Physical Vertex Operator
Physical states in the pure spinor formalism for the open superstring are defined as
ghost-number one states in the cohomology of Q =
∫
λαdα where λ
α is a pure spinor
variable constrained to satisfy λγmλ = 0,
dα = pα −
1
2
γmαβθ
β∂xm −
1
8
γmαβγmγδθ
βθγ∂θδ, (2.1)
γαβm and γmαβ are 16 × 16 symmetric matrices which are the off-diagonal components of
the 32× 32 ten-dimensional gamma matrices, [xm, θα, pα] for m = 0 to 9 and α = 1 to 16
are free worldsheet fields satisfying the OPE’s
xm(y)xn(z)→ −α′ηmn(log |y − z| + log |y − z¯|), pα(y)θ
β(z)→
α′
2(y − z)
δβα, (2.2)
1
and α′ is the inverse of the string tension. One can use (2.2) to show that dα is spacetime
supersymmetric and satisfies the OPE’s [6]
dα(y)dβ(z)→ −
α′
2(y − z)
γmαβΠm(z), dα(y)Π
m(z)→
α′
2(y − z)
γmαβ∂θ
β(z), (2.3)
Πm(y)V (z)→ −
α′
y − z
∂mV (z), dα(y)V (z)→
α′
2(y − z)
DαV (z),
where Πm = ∂xm + 12γ
m
αβθ
α∂θβ, V (x, θ) is an arbitrary ten-dimensional superfield,
and Dα =
∂
∂θα
+ γmαβθ
β∂m is the supersymmetric covariant derivative which satisfies
{Dα, Dβ} = 2γ
m
αβ∂m.
The pure spinor constraint λγmλ = 0 implies that the canonical momentum for λα,
which will be called wα, only appears in combinations which are invariant under the gauge
transformation δwα = (γ
mλ)αΛm for arbitrary Λm. This implies that wα only appears
in the Lorentz-covariant combinations Nmn =
1
2
(wγmnλ) and J = wαλ
α. By solving
λγmλ = 0 in terms of unconstrained fields, one can show that Nmn and J satisfy the
OPE’s [4]
Nmn(y)λα(z)→
α′
4(y − z)
(γmn)αβλ
β(z), J(y)λα(z)→
α′
2(y − z)
λα(z), (2.4)
Nkl(y)Nmn(z)→ −
3(α′)2
4(y − z)2
ηk[nηm]l +
α′
2(y − z)
(ηm[lNk]n(z)− ηm[lNk]m(z)),
J(y)J(z)→ −
(α′)2
(y − z)2
.
Furthermore, λγmλ = 0 implies that Nmnand J satisfy the relation
: Nmnλα : γmαβ −
1
2
: Jλα : γnαβ = α
′γnαβ∂λ
α(z) (2.5)
where the normal-ordered product is defined as
: UA(z)λα(z) :=
∮
dy
y − z
UA(y)λα(z).
To prove (2.5), note that wα drops out of the left-hand side because λγ
mλ = 0. And the
coefficient in the normal ordering contribution α′γnαβ∂λ
α can be determined by computing
the double pole of (2.5) with J using the OPE J(y)J(z)→ − (α
′)2
(y−z)2
.
When α′(mass)2 = n, open superstring vertex operators are constructed from arbi-
trary combinations of [xm, θα, dα, λ
α, Nmn, J ] which carry ghost number one and conformal
2
weight n at zero momentum. Note that [dα, Nmn, J ] carry conformal weight one and λ
α
carries ghost number one. For example, the most general vertex operator at (mass)2 = 0
is V = λαAα(x, θ) where Aα(x, θ) is an unconstrained spinor superfield [7][2][8]. One can
easily check that QV = 0 and δV = QΩ implies γαβmnpqrDαAβ = 0 and δAα =
α′
2 DαΩ,
which are the super-Maxwell equations of motion and gauge invariances written in terms
of a spinor superfield.
When α′(mass)2 = 1, the first massive states of the open superstring are described
by the vertex operator
V = ∂λαAα(x, θ)+ : ∂θ
βλαBαβ(x, θ) : + : dβλ
αCβα(x, θ) : (2.6)
+ : ΠmλαHmα(x, θ) : + : Jλ
αEα(x, θ) : + : N
mnλαFαmn(x, θ) :
where : UAλαΦαA(x, θ)(z) : =
∮
dy
y−z
UA(y) λα(z)ΦαA(z) and ΦαA(x, θ) are the various
superfields appearing in (2.6). Note that because of (2.5), V is invariant under the field
redefinition
δFαmn = γmαβΛ
β
n − γnαβΛ
β
m, δEα = −γ
m
αβΛ
β
m, δAα = −2α
′γmαβΛ
β
m. (2.7)
As will now be shown, the equations of motion and gauge invariances implied by QV = 0
and δV = QΩ imply that the superfields ΦαA(x, θ) describe a massive spin-two multiplet
containing 128 bosonic and 128 fermionic degrees of freedom.
3. Equations of Motion
Using the OPE’s of (2.3) and (2.4), one finds that
2
α′
QV =
∮
dy
y − z
[∂λβ(y)λα(z)(DαAβ(z) +Bαβ(z))− ∂θ
γ(y)λα(z)λβ(z)DβBαγ(z) (3.1)
−γmγβλ
γ(y)Πm(y)λα(z)Cβα(z) − dγ(y)λ
α(z)λβ(z)DβC
γ
α(z)
+γmγδλ
γ(y)∂θδ(y)λα(z)Hmα(z) + Π
m(y)λα(z)λβ(z)DβHmα(z)
−λγ(y)dγ(y)λ
α(z)Eα(z) + J(y)λ
α(z)λβ(z)DβEα(z)
−
1
2
(γmn)γδλ
δ(y)dγ(y)λ
α(z)Fαmn(z) +N
mn(y)λα(z)λβ(z)DβFαmn(z)]
= − : ∂θγλαλβ [DαBβγ − γ
m
αγHmβ] : + : Π
mλαλβ [DαHmβ − γmαγC
γ
β ] : (3.2)
3
− : dγλ
αλβ [DαC
γ
β + δ
γ
αEβ +
1
2
(γmn)γαFβmn] :
+λα∂λβ [DαAβ +Bαβ + α
′γmβγ∂mC
γ
α −
α′
2
DβEα +
α′
4
(γmnD)βFαmn]
+ : JλαλβDαEβ : + : N
mnλαλβDαFβmn :,
where : UAλαλβΣαβA(x, θ)(z) : =
∮
dy
y−z
UA(y) λα(z)λβ(z)ΣαβA(z).
Since λγmλ = λγm∂λ =0, QV = 0 implies that the superfields ΦαA satisfy
(γmnpqr)
αβ[DαBβγ − γ
s
αγHsβ] = 0, (3.3)
(γmnpqr)
αβ[DαHsβ − γsαγC
γ
β] = 0,
(γmnpqr)
αβ[DαC
γ
β + δ
γ
αEβ +
1
2
(γst)γαFβst] = 0,
(γmnpqr)
αβ [DαAβ +Bαβ + α
′γsβγ∂sC
γ
α −
α′
2
DβEα +
α′
4
(γstD)βFαst]
= 2α′γαβmnpqrγ
vwxys
αβ ηstK
t
vwxy,
(γmnp)
αβ[DαAβ +Bαβ + α
′γsβγ∂sC
γ
α −
α′
2
DβEα +
α′
4
(γstD)βFαst]
= 16α′γαβmnpγ
wxy
αβ K
s
wxys,
γαβmnpqrDαEβ = γ
αβ
mnpqr(γ
vwxyγs)αβK
s
vwxy,
γαβmnpqrDαF
st
β = −γ
αβ
mnpqr(γ
vwxyγ[s)αβK
t]
vwxy,
where Ksvwxy is an arbitrary superfield. The possibility of introducing K
t
vwxy into the
right-hand side of (3.3) comes from the fact that for arbitrary Ksvwxy,
− : Nstλ
αλβ : (γvwxyγ[s)αβK
t]
vwxy+ : Jλ
αλβ : (γvwxyγs)αβK
s
vwxy (3.4)
+α′λα∂λβ[2γvwxysαβ ηstK
t
vwxy + 16γ
wxy
αβ K
s
wxys] = 0,
which follows from the identity
: Nstλ
αλβ : γsβγ −
1
2
: Jλαλβ : γtβγ =
5α′
4
λα∂λβγtβγ −
α′
4
λδ∂λβ(γst)
α
δγ
s
βγ. (3.5)
To derive (3.5), first define
: UAλαλβ := lim
w→z
∮
Cw
dy
y − z
UA(y)λα(w)λβ(z) + lim
w→z
∮
Cz
dy
y − z
UA(y)λα(w)λβ(z) (3.6)
4
where Cw encircles the point w and Cz encircles the point z. Using (2.5) and (2.4), one
finds
: Nstλ
αλβ : γsβγ −
1
2
: Jλαλβ : γtβγ (3.7)
= α′λα∂λβγtβγ + lim
w→z
∮
Cw
dy
y − z
(Nst(y)γ
s
βγ −
1
2
J(y)γtβγ)λ
α(w)λβ(z)
= α′λα∂λβγtβγ + lim
w→z
1
w − z
[
α′
4
(γst)
α
δλ
δ(w)γsβγ −
α′
4
λα(w)γtβγ]λ
β(z)
= α′λα∂λβγtβγ −
α′
4
λδ∂λβ(γst)
α
δγ
s
βγ +
α′
4
λα∂λβγtβγ.
4. Gauge Transformations
In order to determine the physical content of the equations of motion (3.3), one needs
to gauge fix the superfields using the gauge transformations implied by δV = QΩ, as
well as the transformations implied by the field redefinition of (2.7). Since the gauge
parameter Ω should have ghost number zero and conformal weight one, the most general
gauge parameter is
Ω =: ∂θαΩ1α(x, θ) : + : dαΩ
α
2 (x, θ) : + : Π
mΩ3m(x, θ) : (4.1)
+ : JΩ4(x, θ) : + : N
mnΩ5mn(x, θ) :,
where : UAΩA(x, θ) : =
∮
dy
y−z
UA(y) ΩA(z).
Using the OPE’s of (2.3) and (2.4), one finds that
2
α′
QΩ =
∮
dy
y − z
[∂λα(y)Ω1α(z)− ∂θ
β(y)λα(z)DαΩ1β(z)− γmαβλ
β(y)Πm(y)Ωα2 (z) (4.2)
−dβ(y)λ
α(z)DαΩ
β
2 (z) + γ
m
γδλ
γ(y)∂θδ(y)Ω3m(z) + Π
m(y)λα(z)DαΩ3m(z)
−λγ(y)dγ(y)Ω4(z) + J(y)λ
α(z)DαΩ4(z)
−
1
2
(γmn)γδλ
δ(y)dγ(y)Ω5mn(z) +N
mn(y)λα(z)DαΩ5mn(z)]
= ∂λα[Ω1α + α
′γmαβ∂mΩ
β
2 −
α′
2
DαΩ4 −
α′
4
(γmn)βαDβΩ5mn] (4.3)
+ : ∂θβλα[−DαΩ1β + γ
m
αβΩ3m] :
+ : dβλ
α[−DαΩ
β
2 − δ
β
αΩ4 −
1
2
(γmn)βαΩ5mn] :
5
+ : Πmλα[DαΩ3m − γmαβΩ
β
2 ] :
+ : JλαDαΩ4 : + : N
mnλαDαΩ5mn : .
So δV = 2
α′
QΩ implies the following gauge transformations for the superfields in (2.6):
δAα = Ω1α + α
′γmαβ∂mΩ
β
2 −
α′
2
DαΩ4 −
α′
4
(γmn)βαDβΩ5mn, (4.4)
δBαβ = −DαΩ1β + γ
m
αβΩ3m,
δCβα = −DαΩ
β
2 − δ
β
αΩ4 −
1
2
(γmn)βαΩ5mn,
δHmα = DαΩ3m − γmαβΩ
β
2 ,
δEα = DαΩ4,
δFαmn = DαΩ5mn.
5. Massive Spin-Two Multiplet
In this section, we shall show that the equations of motion of (3.3) and the gauge
transformations of (4.4) and (2.7) imply that the superfields appearing in (2.6) describe
a spin-two multiplet with (mass)2 = 1
α′
. Note that the 128 bosonic and 128 fermionic
component fields in a massive spin-two multiplet consist of a traceless symmetric tensor
gmn, a three-form bmnp, and a spin-3/2 field ψmα satisfying the equations:
ηmngmn = ∂
mgmn = ∂
mbmnp = ∂
mψmα = γ
mαβψmβ = 0. (5.1)
These ten-dimensional component fields can be understood as Kaluza-Klein modes of an
eleven-dimensional supergravity multiplet.
The first equation of motion of (3.3) implies that λαλβλγDαBβγ = 0 where
λβλγBβγ = (λγ
mnpqrλ)Bmnpqr. As discussed in reference [9], this is the same equation of
motion as for the super-Maxwell antifield A∗βγ = A
∗
mnpqr(γ
mnpqr)βγ . But up to the gauge
transformation δA∗mnpqr = γ
βγ
mnpqrDβΛγ , λ
αλβλγDαA
∗
βγ = 0 has only massless solutions.
Since the fourth equation of (3.3) implies at α′ = 0 that γαβmnpqr(Bαβ+DαAβ) = 0, Bmnpqr
has no massless solutions. So λαλβλγDαBβγ = 0 implies that Bmnpqr = γ
βγ
mnpqrDβΛγ
for some Λγ . Using the gauge parameters Ω1α and Ω3m, one can therefore gauge
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Bαβ = γ
mnp
αβ Bmnp. Note that this gauge-fixing condition still leaves gauge invariances
parameterized by Ω1α that satisfy γ
αβ
mnpqrDαΩ1β = 0.
Plugging Bαβ = γ
mnp
αβ Bmnp into the first equation of (3.3), one finds that
(γsγmnpqr)γ
αHsα = (−γ
stuγmnpqr)γ
αDαBstu, (5.2)
which implies that
DαB
mnp = γ
[m
αβZ
np]β −
1
48
(γ[mn)α
βH
p]
β + γ
mnp
αγ Y
γ (5.3)
for some Y γ and Znpβ satisfying Znpβγpαβ = 0. It will now be argued that (5.3) implies
that Bmnp describes a massive spin-two multiplet whose mass will be determined by the
fifth equation of (3.3).
To analyze the physical content of (5.3), it will be useful to choose a reference frame
in which the spatial momenta ka = 0 for a = 1 to 9 where the indices [a, b, c, ...] denote
spatial directions.3 This reference frame is always possible since the fifth equation of (3.3)
at α′ = 0 implies that γαβmnp(Bαβ +DαAβ) = 0, so Bmnp has no massless solutions. The
spatial polarizations of (5.3) imply that
DαB
abc = γ
[a
αβS
bc]β (5.4)
for some superfield Sbcβ. To show that Bbcd describes a massive spin-two multiplet, recall
that massive representations of D = 10 supersymmetry (or massless representations of
D = 11 supersymmetry) are described by the states ΩPA where P indices range over the
128 bosonic and 128 fermionic components of the smallest SO(9) supersymmetric multiplet
and A indices describe the degeneracy of the “ground” state. Note that supersymmetry
transformations act only on the P index and leave the A index invariant.
Defining bbcd = Bbcd|θ=0, the indices [bcd] on b
bcd could in principle come from con-
tractions of P indices with A indices. But the constraint of (5.4) implies that the su-
persymmetry transformation of bbcd is δbbcd = (ǫγ[bScd])|θ=0, which implies through the
supersymmetry transformation of the P index that all indices in bbcd come from P . So the
“ground state” ΩP is non-degenerate and bbcd is the three-form of the smallest SO(9) su-
persymmetric multiplet. Furthermore, the supersymmetry transformation of bbcd implies
that
Sbcβ = (γ[bΨc])β (5.5)
3 Although the analysis would be more complicated, the physical content of (5.3) could also
be covariantly derived by applying combinations of Dα and using γ-matrix identities.
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where γβγc Ψ
c
γ = 0 and (Ψ
c
γ)|θ=0 = ψ
c
γ is the spin
3
2 field. The remaining 44 bosonic degrees
of freedom in the SO(9) multiplet are described by the θ = 0 components of the superfield
Gbc = Dγ(bΨc) which satisfies ηbcG
bc = 0. Since Gmn is a spin-two superfield, one can
interpret Hnα as a D = 10 vector-spinor prepotential as in [10]. Note that in D = 4, a
similar role is played by a vector prepotential for a massive spin-two superfield [11] [12].
To complete the proof that Bmnp describes the massive spin-two multiplet of (5.1), it
will now be shown that B0bc = 0 when ka = 0 for a = 1 to 9. Comparing (5.3), (5.4) and
(5.5), one finds that
Y γ = 0, Zbc = h(γ[bΨc])γ, Hbβ = 96(h− 1)Ψ
b
β (5.6)
for some constant h. And (γmZ
mn)α = 0 implies that Z
0bγ = −7h(γ0Ψb)γ . After using
the gauge parameter Ωα2 to gauge (γ
mHm)
α = 0, one learns from (5.3) that
DαB
0bc = (4− 16h)(γ0γ[bΨc])α. (5.7)
Using similar arguments as before, one can argue that the only solution to (5.7) is B0bc = 0
and h = 14 . To prove this, note that b
obc = B0bc|θ=0 transforms under supersymmetry as
δbobc = (4−16h)(ǫγ0γ[bψc]). But there are no states in ΩPA which transform in this manner,
so b0bc must vanish.
So (5.3) implies that Bmnp describes a massive spin-two multiplet. Furthermore, after
using the gauge parameters Ω4, Ω5mn and (2.7) to gauge-fix
Cαβ = (γ
mnpq)αβCmnpq and γ
mαβFβmn = 0, (5.8)
the first three equations of (3.3) imply that [Hmα, Cmnpq, Eα, Fαmn] are determined from
Bmnp by the equations
Hpα =
3
7
(γmnD)αB
mnp, Cmnpq =
1
48
∂[mBnpq], Eα = 0, (5.9)
Fαmn =
7
16
∂[mHn]α −
1
16
∂q(γq[m)
β
αHn]β,
and the trace of the seventh equation of (3.3) implies that
Ksmnpq =
1
1920
(γαβmnpquDαF
su
β −
1
72
γ
αβ
ru[mnpδ
s
q]DαF
ru
β ). (5.10)
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Plugging (5.9) and (5.10) into the fourth equation of (3.3) implies that γαβmnpqrDαAβ =
0, so one can gauge-fix Aβ = 0 using the remaining gauge transformation parameterized
by Ω1β . And plugging (5.9) and (5.10) into the fifth equation of (3.3) implies that
(∂m∂
m −
1
α′
)Bnpq = 0 (5.11)
so that (mass)2 = 1
α′
. Finally, the sixth equation and the traceless part of the seventh
equation of (3.3) provide no new information, as can be seen from the fact that if the first
five equations of (3.3) are satisfied,
QV =: J(λγmnpqrλ) : Smnpqr+ : Nst(λγ
mnpqrλ) : T stmnpqr (5.12)
for some Smnpqr and traceless T
st
mnpqr. But Q
2 = 0 implies that
0 = Q[: J(λγmnqprλ) : Smnpqr+ : Nst(λγ
mnpqrλ) : T stmnpqr] (5.13)
= −
α′
2
λαdα(λγ
mnqprλ)Smnpqr +
α′
4
(λγstd)(λγ
mnpqrλ)T stmnpqr + ...
where ... does not involve dα. So Q
2 = 0 implies that Smnpqr = T
st
mnpqr = 0.
So it has been shown that the vertex operator of (2.6) describes a spin-two multiplet
with (mass)2 = 1
α′
in terms of ten-dimensional superfields.
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